TENSOR PRODUCT WEIGHT MODULES OVER THE 
VIRASORO ALGEBRA 



HONGJIA CHEN, XIANGQIAN GUO AND KAIMING ZHAO 



Abstract. The tensor product of highest weight modules with in- 
termediate series modules over the Virasoro algebra was discussed 
by Zhang [Z] in 1997. Since then the irreducibility problem for 
the tensor products has been open. In this paper, we determine 
the necessary and sufficient conditions for these tensor products 
to be simple. From non-simple tensor products, we can get other 
interesting simple Virasoro modules. We also obtain that any two 
such tensor products are isomorphic if and only if the correspond- 
ing highest weight modules and intermediate series modules are 
isomorphic respectively. Our method is to develop a "shifting tech- 
nique" and to widely use Feigin-Fuchs' Theorem on singular vectors 
of Verma modules over the Virasoro algebra. 

Keywords: Virasoro algebra, highest weight module, intermedi- 
ate series module, simple module. 

AMS classification: 17B10, 17B20, 17B65, 17B66, 17B68. 



1. Introduction 

We denote by Z, Z+, N and C the sets of all integers, nonnegative 
integers, positive integers and complex numbers, respectively. 

The Virasoro algebra Vir is an infinite dimensional Lie algebra over 
the complex numbers C, with basis {(i„, C | n G Z} and defining rela- 
tions 

[dm, dn] = {n- m)dn+m + Sn-m — — — C, m,neZ, 

[C, dm] = 0, m G Z, 

which is the universal central extension of the so-called infinite dimen- 
sional Witt algebra. The algebra Vir is one of the most important 
Lie algebras both in mathematics and in mathematical physics, see for 
example \IK\ IKRj and references therein. In particular, it has been 
widely used in quantum physics |G0] . conformal field theory |DMSj . 
Kac- Moody algebras [Kl IMoPj . vertex operator algebras |DMZt IFZj . 
and so on. 

The representation theory on the Virasoro algebra has been attract- 
ing a lot of attentions from mathematicians and physicists. There are 
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two classical families of simple Harish- Chandra Vir-modules: highest 
(lowest) weight modules (completely described in |FFj ) and the so- 
called intermediate series modules. In [M] it is shown that these two 
families exhaust all simple Harish- Chandra modules. In |MZ1] it is 
even shown that the above modules exhaust all simple weight modules 
admitting a nonzero finite dimensional weight space. Now mathemati- 
cians have shifted their attentions to non-Harish-Chandra simple mod- 
ules, mainly simple weight modules with infinitely dimensional weight 
spaces and non-weight modules. 

As for simple weight modules over Vir with infinitely dimensional 
weight spaces, the earliest examples were constructed from tensor prod- 
ucts of simple highest weight modules and intermediate series modules 
([Z]) in 1997. Later a 4-parameter family of simple weight modules 
with infinitely dimensional weight spaces were given in |CMj in 2001. 
Recently in |LLZj another huge class of simple modules with infinitely 
dimensional weight spaces were obtained using non-weight modules in- 
troduced in [MZ2] . 

At the same time for the last decade, various families of nonweight 
simple Virasoro modules were studied in [FJKlOLZl HUZl iLZl H iMWl 
lOWj . These (except the modules in [LZj and |MWj ) are basically var- 
ious versions of Whittaker modules constructed using different tricks. 
In particular, all the above Whittaker modules and even more were 
described in a uniform way in |MZ2] . 

In the paper [Z], Zhang considered the tensor products of simple 
highest weight modules with simple intermediate series modules, and 
he provided some sufficient conditions for the tensor products to be 
simple. Since then the irreducibility problem for the tensor products 
has been open. It was even not known in [Z] whether there was a 
non-simple tensor product when the highest weight module is not a 
Verma module. Our purpose in the present paper is to completely 
solve this problem. More precisely we determine the necessary and 
sufficient conditions for such tensor products to be simple, using two 
polynomials obtained from the singular vectors of the original highest 
weight modules. Moreover we can determine the conditions for two 
of these tensor product modules to be isomorphic. We remark that 
the tensor products of intermediate series modules over the Virasoro 
algebra never gives irreducible modules jZk] . 

To describe our results, we recall some notations for the Virasoro 
algebra and its modules. We first define the modules of intermediate 
series for any a, /3 G C. As a vector space Va,/3 = ©nGzCf„ and 
the action of Vir on Va,i3 is given by 

(1.1) dm ■ Vn = (a + n + mf3)vm+n, C ■ Vn = 0, Vm, n E Z. 
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It is well known that Va^p = Va+n,i3, and Vafi = VaA if a ^ Z. It is 
also well known that Va^i3 is simple if and only if a ^ Z or /3 ^ {0, 1}. 
Moreover Vq.o has a unique nonzero proper submodule Cvq and we 
denote Vqq = Vo,o/Cfo; Vo,i has a unique nonzero proper submodule 
i = ^j-^o ^^'^ ^0,0 — ^0,1- For convenience we will denote V^^^ = 
Va^p whenever Va^p is simple. We remark that q = for all a G C. 

To avoid repetition, throughout this paper when we write V"^^ we 
always assume that < Dlca < 1 and /3 7^ 1, where fHea is the real 
part of a. 

We recall that a Virasoro module is a weight module if it is the 
sum of all its weight spaces Vx = {v E V \ dov = Xv} for some A G C. 
Vectors in Vx are call weight vectors. An element x in the universal 
enveloping algebra f/(Vir) is called homogeneous if [cioj^;] = mx for 
some m G Z and m is called the degree of x, denoted by deg(x) = m. 
Let f/(Vir)m be the subspace consisting of all elements of degree m. 

Next we define the highest weight modules. Denote Virj- = J2ieN ^d±i. 
For any /i, c G C, we let Cm be the 1-dimensional module over the sub- 
algebra Vir+ ©C(io © CC defined by 

(1.2) Vir+ u = 0, dou = hu, and Cu = cu. 

Then we get the induced Vir-module, called Verma module: 

M(c, h) = t/(Vir) (g) Cu. 

i/(Vir+ ecdoecc) 

Any nonzero quotient module of M(c, h) is called a highest weight 
module with highest weight (c, h). 

It is well known that the Verma module M(c, h) has a unique maxi- 
mal submodule J(c, h) and the corresponding simple quotient module 
is denoted by V{c, h). A nonzero weight vector u' G M(c, h) is called 
a singular vector if Vir+ u' = 0. It is clear that J(c, h) is gener- 
ated by all singular vectors in M(c, h) not contained in Cu, and that 
M(c, h) = V{c, h) if and only if M(c, h) does not contain any other 
singular vectors besides Cm. In [FFj (or in |A] which is a refined form) 
the singular vectors are described explicitly. In particular, J(c, h) can 
be generated by at most two singular vectors. If J(c, h) is generated by 
two singular vectors, we can find homogeneous Qi,Q2 G ?7(Vir_) such 
that J{c,h) = U(yiT-)Qiu + [/(Vir_)Q2M- If J{c,h) is generated by 
one singular vector, we can find the unique Qi G f/ (Vir_) up to a scalar 
multiple such that J(c, h) = U (Vir_)(5iM; in which case we set Q2 = Qi 
for convenience. When M(c, h) = V{c, h) we set Q2 = Qi = 0. 



4 



HONGJIA CHEN, XIANGQIAN GUO AND KAIMING ZHAO 



Fix any c, /i, a, /3 G C with < fHca < 1 and (3^1. For any n G Z, 
we have a hnear map from f/(Vir_) to C defined by 

r j 

^n{d-kr ■ ■ ■ d-ki) = Yl{kj(3 -a-n-'^ki), 

j=i i=i 

for all d-kr ■ ■ ■ d-ki G U (Vir_). For more details of this map see Sect. 2. 

For any integer n let W^"^^ be the submodule of V{c, h) ® V^^^ gen- 
erated hy u ® Vi^i > n. Then our main results can be stated as 

Theorem 1. Let c, /i, a, /3 G C with < mza < 1 and /3 7^ 1. 

(a) y(c, h)®V^^p is simple if and only if there is no (nonzero if (a, (3) = 
(0,0)) integer n such that (pniQi) = H^n{Q2) = 0. 

(b) If n is the maximal integer (nonzero if (a, (5) = (0, 0)) with fn{Qi) = 
V^n(Q2) = 0, then W^^'' is the unique simple submodule and all its 
nonzero weight spaces are infinite-dimensional. 

Theorem 2. Let V and V' be any two highest weight modules (not 
necessarily simple) of the Virasoro algebra, and let a,/3,ai,/3i G C. 
Then V ® V^^^ ^ V ® F^^^^ if and only ii V ^ V and V^^^ ^ V^^^^^. 

As a direct consequence we have 

Theorem 3. Let c, /i, a, /3, ci, /ii, ai, /3i G C with < 9^ca,9^eai < 1 

and /3, /3i ^ L Then V{c, h) ® V'^^f^ ^V[cxM)® VL^^a^ if and only if 
ci = c,h\ = h, a\ = a and (i\ = (3. 

The paper is organized as follows. In Sect. 2, we prove Theorem 1. 
The main method is to develop a "shifting technique" and to widely use 
Feigin-Fuchs' Theorem on singular vectors of Verma modules over the 
Virasoro algebra. Theorem 2 is proved in Sect. 3, and we show that the 
simple tensor products are not isomorphic to other known simple weight 
modules. In the last section we give several examples to illustrate our 
results. In particular, when V{c, h) ® V^^^ is not simple, we still can 
get simple modules by considering submodules or subquotients of it. 

2. Simplicity 

In this section we will prove Theorem 1. Fix any c,h,a,P G C 
with < ^Rta < 1 and (3^1. Let be a highest weight module (not 
necessarily simple) with highest weight vector u of highest weight (c, h) 
and Va,i3 have a basis as in (11. ip . We will consider the tensor product 
modules V ® Va,i3 and V ® V^^^. Let us first introduce our "shifting 
technique" for the tensor product. 

The vector space L = V ® C[t^^] can be endowed with a Vir- module 
structure via 

dkiPu ® t") = (4 + a + n - deg(P) + ki3)Pu ® ^+^ 
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for all k,n and homogeneous P G t/(Vir_), and the action of C is 
the scalar c. When a = /3 = 0, we see that L has a submodule spanned 
by Pu ® t'^^s(^) for all homogeneous P E U (Vir_), which is just a copy 
of V{c,h); let L' be the corresponding quotient module in this case, 
and we denote V = L otherwise. 

It is easy to check that V ® Va^p = L as Virasoro modules via the 
following map: for any m G Z_|_ 
(2.1) 

V (S) Va^fs ^L, Pu®Vn^ Pu® V n G Z, P G f/(Vir„)_^. 

Also this map induces an isomorphism V ® V^^ ^ = L' m the case a = 
13 = 0. Thus in the following of this section we will consider L and 
L' instead of V <S) V^,/3 and V (8> V"^^^. The advantage of the "shifting 
technique" of the notation for L = ^^ez V t"' is the weight space 
decomposition, that is, 

V ®t"- = {x e L \ dox = {a + h + n)x}, V n G Z. 

We will see the power of this advantage in the following proofs. 

The following observation is obvious 

Lemma 4. The Virasoro module L' is generated by {u®t'^\k G Z}. □ 

From now on in this section, we assume that V = V{c, h) is the 
simple highest weight module with highest weight {c,h). Thus L = 
V{c, h) ® Va^p and L' = V{c, h) ® V^^^. The following lemma is crucial 
in this paper. 

Lemma 5. For any nonzero Vir-sub module W of L', there exists G Z 
such that V{c, /i) (g) t" C for all n> N. 

Proof. Since L' is a weight module, there exist subspaces Wn C V{c, h) 
for all n E Z such that W = 0„gz ® t"'- For any nonzero vector 
w G Wn we can find homogeneous Pi G ?7(Vir„) such that 

r 

w = ^ PiU, where > deg(Pi) > deg(P2) > ■ ■ ■ > deg(Pr.). 

i=l 

Choose w with r being minimal among all nonzero elements in all 
Wn, n G Z. Suppose this w G Wk- Denote h = — deg(Pi). If a = (3 = 
we further assume that deg(Pj) 7^ k, i.e., 7^ —k for alH = 1, ■ ■ ■ ,r 
since we are working within L'. For 771,71 > — deg(Pr), we have 

r 

dmdniw ® t^) = ^(a + 7i + k + li + (37n){a + k + k + I37i)wi ® 

i=l 

r 

dm+niw ® t'') = + k + li + /3{7n + 7l))Wi ® 

1=1 
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Thus for all j : 1 < j < r we have 
{a + k + Ij + Pirn + n))dmdn{w ® t^) 

-{a + n + k + lj + I3m){a + k + Ij + (3n)dm+n{w ® t^) 

r 

= ^ (j_^a + k + Ij + (3{m + n)){a + n + k + k + /3m){a + k + k + /3n) 
1=1 

-{a + n + k + lj+ /3m){a + k + Ij + /3n){a + k + k + I3{m + n))^ 

r 

= ^(/i - Ij) (^/3^(m^ + mn + n^) + /3mn + /3(2a + 2k + li + lj){m + n) 

i=l 

+ {a + k + li){a + k + lj)^Wi ® G ly. 

By the minimality of r, we have 

/3^(m^ + mn + ri^) + /3mn + /3(2a + 2k + li + lj){m + n) 

+ (a + k + li){a + k + Ij) = 0, 

for all i ^ j and 771,11 > Ir- If r > 1, then we can deduce P = a = 
and {k + li){k + Zj) = 0, impossible. As a result, we have r = 1 and 
w = Piu G IVfc such that deg(Pi) 7^ A; when a = /3 = 0. 

There exists Nx^TL such that dnP\U = and a+/c— deg(Pi)+/3n 7^ 
for any n > Ni — k. Thus we have 

rf„ ■ {Piu ®t'') = {a + k- deg(Pi) + /3n)(PiM ® G 1^ 

and hence PiU G for all m > Ni. 

For any z G N and m>Ni, we have PiU G Wm+i and 

■ (Piu ® r) = (rfi + a + m - deg(Pi) + ® ^"^') e TV, 

yielding that diPiU G Wm+i for all m > Ni. Inductively, we can show 
xPiM G W^m+deg(x) for all homogcueous x G t/(Vir+) and m> N^. Since 
y(c, /i) is an irreducible Vir-module, we can find some homogeneous 
y G [/(Vir+) such that yPiu = u and hence u G for all m > = 
iVi + deg(y). 

For any i G N and m > N, we have 

■ {u ® = + a + m + i - ® t™) G ly 

which implies that d^iU G for all m > N. Proceeding by downward 
induction on deg(P),P G f/(Vir_) we can deduce that Pu G Wm for 
all homogeneous P G t/(Vir_) and m > N, that is, VFm = V^(c, /i) for 
all m > A^, as desired. □ 

From the proof of the above lemma we can get the following corol- 
laries. 
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Corollary 6. For any n G N, the submodule generated by all V{c, h) ® 
t^,k > n is the same as the submodule generated by all u ^t^,k > n. 
We denote this submodule by W^"'\ 

Corollary 7. L' is simple if and only if it is generated by m ® t'^ for 
some sufficiently large G N. 

Now we introduce our linear map cpn '■ M{c, /i) — > C for n G Z. 
Denote by T(Vir_) the tensor algebra of Vir_, i.e., 

T(Vir„) = C © (Vir_) © (Vir„ © Vir„) © ■ ■ ■ (Vir„^'=) © ■ ■ • 

with multiplication being the tensor product, which is a free associative 
algebra. For any /c G N, define deg{d-k) = —k and deg(l) = 0, then 
T(Vir_) becomes a Z_-graded algebra. Now for any n G Z and a, /3 G 
C, we can inductively define a linear map (fn '■ T(Vir„) — C as follows: 

(2.2) ¥^„(1) = 1, ipnid_kP) = -ic^ + n + k-degiP)-k(3)ipniP), 

for any homogeneous element P G T(Vir_). Notice that f/(Vir_) is 
just the quotient T(Vir_)/J where J is the two-sided ideal generated 
by d_id^j — d_jd-i — {i — j)d-i-j for i,j G N. Now we will show 
J C ker((y9„). By the definition of it is enough to show 

ipn{{d-id-j - d.jd^i - {i- j)d^i^j)P) = 

for any homogeneous element P G T(Vir_). Let m = deg(P), we have 

ipn({d^id^j - d^jd^i)P^ 
= {n — m + j + i + a — i(3){n — m + j + a — j(3)(pn{P) 

— {n — m + i+ j + a— j/3){n — m + i + a — iP)ipn{P) 
= {j - i){n - m + i + j + a - {i + j)(3)(pniP) 
= {i- 3)Vn{d_i^jP). 

Thus induces a linear map on [/(Vir_), still denoted by Since 
the Verma module M(c, h) is free of rank 1 as a f/(Vir„)-module, we 
can define the linear map 

: M(c, h) -> C, ^n{Pu) =ipniP),y Pe t/(Vir_). 

Lemma 8. Let be a Vir-submodule of L' with W 3 for some 
n G Z. Then 

Pu®e = ipn{P)u © r (mod W), V P G [/(Vir_). 

Proof. Let Q G [/(Vir_) be a homogeneous element and suppose that 
the result holds for this Q. Then for any G N, we have 

(Qu © = f (rf„fc + a + n + k- deg(g) - kf3)Qu) © T G H^, 
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which indicates 

(d-kQu) = -{a + n + k- deg(g) - kp){Qu) ® T 

= -{a + n + k - deg(Q) - k(3)Lpn{Q)u ® T 
= Lpn{d-kQ)u ® (mod l^). 

The lemma follows from induction on deg{Q) and linearity of □ 

Let J(c, h) be the maximal submodule of M(c, h). By |FF] . we can 
assume that J(c, /i) is generated by two singular vectors Qi and Q2 for 
some homogeneous Qi,Q2 G t/(Vir_). We have made the assumption 
that Qi = Q2 if J{c, h) can be generated by a singular vector and 
Qi = <52 = if M(c, /;,) itself is simple. Under this assumption, Qi and 
Q2 are both homogeneous and unique up to nonzero scalars. Now we 
can give the proof of Theorem [H 

Proof of Theorem 1. Recall that /3 7^ 1. Let W he a. nonzero Vir- 
submodule of L' = V"(c, h) ® Va,i3- By Lemma [5] we know that there is 
N eZ such that V{c, h)(g)t'' CW for all k> N. By Lemma [8] we have 

(2.3) QiU^t^ - <^N{Qi)uCSt^ eW, 1 = 1,2. 

"If part of (a)." By the hypothesis, we have fNiQi) 7^ or ipn{Q2) 7^ 
0, we get u G W. Inductively, we get M ® e ly for all k e Z. 
By Lemma m we have W = L', that is, L' is simple. 

"Only if part of (a)." Now we assume that the equations (pn{Qi) = 
^n{Q2) = has at least one solution for n (nonzero if (a, (3) = (0, 0)). 

We first consider the case that (pn{Qi) = Vn{Q2) = has only finitely 
many such solutions and prove (b). If (a,/3) 7^ (0,0), let Nq be the 
largest integer such that v^„((5i) = V'n(Q2) = 0. Similarly as in the 
"if part", we get that u ® G W for all k > Nq hy induction. 
If (q!,/5) = (0,0), let A^'o be the largest nonzero integer such that 
H^niQi) = Vn{Q2) = 0. Since M (g> t° = is already in C L', again 
we can get u 1^ t'' e W for all k > Nq. Recall that W^^°'> is the Vir- 
submodule of L' generated by all V{c,h)<S)t^,k > Nq. In both cases we 
conclude that W 3 ly(^o) from Corollary 6, implying that ly(^o) is the 
smallest submodule of L' which has to be simple. Since some weight 
spaces of W^'^°^ are infinite-dimensional, from [MZlj we know that any 
nonzero weight spaces are infinite-dimensional. Thus (b) follows. 

Now we go back to the proof of (a). Let N be any (nonzero if 
{a, (3) = (0,0)) integer such that (Pn{Qi) = Vn{Q2) = 0. We will show 
that ly(^) is a proper submodule of L' . By the definition of cpN in 
(12. 2|) . we obtain that 

^^( J(c, h)) = {u{Vii.)Qiu + t/(Vir_)g2M) 

= <^;v(f/(Vir_)Qi) + v9A.(f/(Vir,)Q2) = 0. 
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Thus induces a linear map V{c, h) ^ C which sends Pu to (Pn{P) 
for any P G f/(Vir_). Since ^pniu) = 1 and hence ker(^Ar) 7^ V{c, h). 

First, by the PBW theorem, the weight space of W^^^ with weight 
a + h + N is 

fceN 

= Y^ ((rf-fc + a + N + k- deg(P) - kl3)Pu^ ® t^, 

fceN Pef/(Vir_) 

or in other words, 

= Y^ 5Z ((^-^ + « + AT + A: - deg(P) - kl3)Pu^ , 

fceN Pe;7(Vir_) 

where the second summation is taken over all homogeneous P. 
On the other hand, for any homogeneous element P, we have 

((rf-fc + a + N + k- deg(P) - kl3)Pu^ 
=^^{d_kP) + {a + N + k- deg(P) - kp)^N{P) = 0. 

That is C ker(^Ar), as desired. By Lemma [8] we see that actually 

Wf^^^ = ker(^7v). Thus W^^^ is a proper submodule of L', i.e., L' is 
not simple. □ 

Let $ be the set of all (nonzero if {a, (3) = (0,0)) integers n such 
that (fniQi) = fn{Q2) = 0. From the above theorem, we can have the 
following comments on the sub modules of L'. 

Remark 9. (1) We have a sequence of submodules of L': 

(2.4) • ■ ■ C C C C ■ ■ ■ 

If = = 0, that is, V{c,h) = M{c,h), then $ = Z except 
that $ = Z \ {0} when (a, f3) = (0, 0) and all inclusions C 
lyin) g^j,g proper for n G $. It is easy to see that is a 

highest weight module of highest weight a + h + n for any n G $. 
In particular V{c, /i) ® V^^ is an extension of countably many highest 
weight modules. 

If Qi 7^ or Q2 7^ 0, then $ is a finite subset of Z and the only 
proper inclusions in (12. 4p are W^"'^ C for n G If we write 

$ = {tt-i, 71.2, . . . , Ur} with Ui < n2 < ■ ■ ■ < Uj. and take any rio < ^i, 
then (12. 4p can be simplified as: 

(2.5) C C ■ ■ ■ C g g yj/(no) ^ 

We have known that W^"^^^ is the unique minimal nonzero proper sub- 
module of L'. By replacing N with n^, 1 < i < r in the proof of 
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Theorem [H we see that 

ly-K-i) = v{c, h) = © {Cu ® r-), 

and is generated by VT^"') and u t"'\ This imphes that 

is a highest weight module with highest weight a+h+rii. 
Then we can obtain that W^^^^ is a simple weight Vir-module with in- 
finitely dimensional weight spaces. 

(2) Recall that Vafi = V^,i for a 7^ and in this case they corre- 
spond to the same module L' while different linear map ipn, to distin- 
guish them we denote by and (pi^'^'^ respectively. Then for any 
homogeneous element P G f/(Vir_), we have 

a + n 

which results in the same $ and hence the same sequence of submodules 
of L' in fl23D . 



3. Isomorphism 

In this section we will prove Theorem 2 and compare the tensor 
products V{c, h) 1^ with other known simple weight modules. 

Proof of Theorem 2. Fix any complex numbers c, h, ci, hi, a, 13, ai, /3i 
with < Dlza,Dlcai < 1, /3 7^ 1 and /3i ^ 1. Let V (resp. Vi) be a 
highest weight module generated by highest weight vector u (resp. Ui) 
with highest weight {c,h) (resp. (ci,/ii)). As we did in Section [2], 
we will identify V © Va,i3 and Vi © V^i,/3i with L = V" © C[t''^"'^] and 
Li = Vi ® Clt"^^] respectively via (12. ip and we also identify V ® V^^^ 
and Vi ® V^_^^p_^ with L' and L[ respectively. 

The "if part" is trivial. We now prove the "only if part" . It is clear 
that c = ci. 

Now assume ip : L' — > L[ is an isomorphism of Vir-modules. Fix 
any /c G Z such that A; 7^ when (a, (3) = (0, 0). Since ipiu ® t'') and 
u ^t'' are of the same weight, so ip{u ^ t'^) = w ® for some nonzero 

s 

vector w = J^'^i with Wi G CPiUi, deg(_Pj) = —i and a + h + k = 

1=0 

ai + hi + I. We may assume that ai + / + i 7^ if /3i = 0. For any 
m, n > s + 1, we have 

ip{dmdn{u ® t^)) = {a + k + n + (3m){a + k + /3n)t/j{u (g) 
= ^(ai + / + i + n /3im)(ai + / + i + /3in)wi 

i=0 
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and 

s 

=dm+n{w ® t^) = + l + i + (3iim + n))wi ® 

i=0 

This implies 

{a + k + Pijn + n))(ai + I + i + n + /3im)(ai + / + i + /^in) 
= («! + I + i + Piijn + n)){a + k + n + f3'm){a + k + I3n), 

for all m, n > s + 1 and < i < s with Wi ^ 0. Rewrite it as a 
polynomial of m and as follows 

- (3)mn{m + n) + (3(3i{ai + I + i - a - k){m^ + n^) 
+ ({a + k)Pi{Pi - 2/3 - 1) + (ai + / + + 2/3i - /3))mn 

+ + + / + - /3) + + / + i)^ - + A;)^) (m + n) 

+ (a + k){ai + / + i)(a;i + / + i — a — /c) = 0, 

which holds for all i with ifj 7^ and m, n > s. Hence we get 

(1) . (a + k){ai + / + i){ai + l + i- a-k) = 0, 

(2) . (^(3{ai + l + + (3i{a + k)^{ai + l + i-a-k) = 0, 

(3) . + / + = 0, 

(4) . {a + k)P,{Pi -!) = («! + / + - 1), 

(5) . /3/3i(/3i-/3) = 0. 

If /3 = or /3i = 0, from the above formulas and the assumption 
that < £Hea, fHcai < 1, /3 7^ 1 and /3i 7^ 1 we can easily deduce 
that /9 = /?! = and a = ai. Next we assume that PPi 7^ 0. Again, 
from the above formulas and the assumption that < 91ca,9^eai < 1, 
/3 7^ 1 and /3i 7^ 1 we can easily deduce that /3 = /3i and a = ai. In 
all cases we can deduce that k = Z + i for all 7^ 0, which implies 
that there is only one integer, say r such that Wr 7^ 0. Now we get 
ijj{u ® t'') = PrUi ® t^"'', where r = hi — h since a + /i + = ai + hi + l. 
We will replace with P^./c since it also depends on k. Note that 

J2 f/(Vir_)(u ® t'^) = V ® y^^^ for (a, /3) 7^ (0, 0) 

and 

^ t/(Vir_)(u ® t'^) = y ® for (a, /3) = (0, 0), 

fcgZ\{0} 

which together with the fact that ip is an isomorphism implies that 
^f/(Vir_)(P,,,ui ® t^"^) = ® K^i,;?! for ^ (0,0) 
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and 

U{ViT^){Pr,kU, ® t'^-'-) = VI ® V^^^^^ for {a, /3) = (0, 0). 

fcez\{o} 

The above equalities force that Pr,kUi is a nonzero scalar multiple of 
ui. Thus r = 0, that is, h = hi and there exist Ck G C* such that 
■ilj{u(g) t^) = CkUi (g) for all A; e Z but not zero if (a, P) = (0, 0). 

For any n G N, we have 
Cn+k{a + k + /3n)ui (g) = tlj{{a + k + /3n)u O = ^/'(rf„(n (g) t^)) 

= Cfc(a + A; + /3n)ui ® 

If a + + /3n 7^ 0, we get Cn+k = Ck- Now for any (nonzero if (a, /3) = 
(0, 0)) k,l & choosing a sufficiently large G N such that 

n + Z^T^O, a + /c + /3n7^0 and a + / + f3{n - I + k) j^O, 

then we have Ck = Cn+k and q = C{n-i+k)+i = c„+fc = a for some a G C*. 
By replacing with its multiple we may assume that il){u®t^) = Ui®t^ 
for all G Z but not zero if (a, /3) = (0, 0). Suppose X be the maximal 
subspace of f/(Vir_) such that 

^((Pm) ® t^) = (Pui) ® V P G X, Vfc G z. 

We can easily see that X = f/(Vir_) and the map V ^ Vi defined by 
Pu — Pu' is a module isomorphism. So V = Vi. □ 

Now we compare the tensor products V{c, h)<S)V^i^ with other known 
simple weight modules. So far known simple weight Virasoro modules 
are from [CMl ILLZ] . It is proved in [LLZ] that V{c, h) ® (or its 
minimal submodule) is not isomorphic to any module in [LLZ] . Next 
we compare V{c^ h) ®V^p with simple weight modules from |CMj . 

Theorem 10. Let c, h, a, (3, a,b,'j,p G C. Then V{c,h) (g) V^_^ (or 
its minimal submodule) is not isomorphic to any irreducible module 
Ea{b,-f,p) defined in [CM] . 

Proof. Let us recall the Casimir operators Qn = + ndo — d-ndn G 
[/(Vir) for any n G N. From Page 174 on jCMj . we know that for any 

w G Ea{b,-f,p), 

dimspan{QnW | ri G N} < oo. 
At the same time, in V{c, /i) (g> ^ (or its minimal submodule) we have 

dimspan{(5n(u ® v^) | n G N} = oo, 
for any G Z with 7^ 0. The theorem follows. □ 
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4. Examples 

In this section, to illustrate our Theorem [1] we will present some 
examples for special values of c, h and a, /3. Notations are as in Section 
[21 To distinguish different modules relative to different a, /3 we will add 
subscripts for certain modules, such as and so on, if necessary. 

Recall that < 3fJ(a) < 1 and /3 7^ 1. 

Example 11. We first give some examples such that the unique maxi- 
mal submodule J(c, h) of the corresponding Verma module M(c, h) can 
be generated by only one singular vector. We point out that the expres- 
sion for h at the very beginning in Sect. 5 in |S] should heh = " ~ipq''^ ■ 

(I) . Let (c, h) = (1, 0). In this case we take p = —q = 1 and m = in 
Sect. 5 of [X]. From Theorem A in [A] we get that J(l, 0) = U (Vir_)QM, 
where Q = ci_i. It is clear that ^niQ) = {(3 — a — n — 1). From The- 
orem 1 we see that V{1, 0) ® V^ ^ is simple if and only if /3 — a ^ Z. 
Moreover, if /3 — a G Z, then ^(1, 0) ® V^^^ has a unique simple sub- 
module W^^'"'^^ and 0) O 1/^^^) /TViJ'""^^ is a highest weight 
module of highest weight (1, /3 — 1). It is easy to see that similar result 
holds for any module V{c, 0) provided that the corresponding maximal 
submodule J(c, 0) is generated by d^iu (see Example 14). 

(II) . Let (c, h) = (1, — \). In this case we take p = —q = 1 and m = 1 
in Sect. 5 of jX]. Then we see that J(l, — i) is generated by only one 
singular vector of degree 2. By direct computation we can deduce that 
J(l, -1) = f/(Vir_)gn where Q = dl^ + d_2. We have 

(PniQ) = if3 - a - n - 2){f3 - a - n - 1) + {2f3 - a - n - 2). 

Solving the equation (pn{Q) = for n, we get 

ni = l3-a-l + v^l - (3, n2 = (3-a-l - - /3. 

(1) . y(l, -i) ® V'^^f^ is simple if ni, n-, ^ Z. 

(2) . If for some the numbers ni G Z (resp. 7^2 G Z) and 
n2 ^ Z (resp. rii ^ Z), then V^(l, — i) ® V^^^ has a unique simple 

submodule Vri"^^^ (resp. W^^f). Moreover, {y{\--^®VL,f^lW^^'^ 
(resp. (V^(l, — ^) ® K^,/?) I^^f) is a highest weight module of highest 
weight (1, /3 - f + v/r^) (resp. (1, /3 - | - v^W)). 

(3) . If ^1,71.2 G Z, then we have two cases 

(i) . a = 0, /3 = 1 - rii = + /c and 77-2 = -k^ - A; for A; G N; 

(ii) . a = i, /3 = l-(/ + l)2, m = -/2 andn2 = -(/ + 1)^ for / G Z+. 

In case a = and /3 = 0, the module V^(l, — |) ® V'q g has a unique sim- 
ple submodule W^^^^ and (^(1, -i) ® Fo'c) /^^o, 

is a highest weight 
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module of highest weight (1, — |). In the rest cases, V{1, — ;|) ® V'^^^ has 
a unique simple submodule Wj^^^ and another proper submodule W^^^ 
strictly containing wj^^^; moreover, wj^^^ /wj^^^ is a highest weight 
module of highest weight (1, ni + a-\) and (V"(l, -\) ® V^j^) /w'^f 
is a highest weight module of highest weight {l,n-2 + a — 

(III). Let (c, /i) = (1,-1). In this case we take p = —q = 1 and 
m = 2. Then from |FFj we see that J(l, —1) is generated by only one 
singular vector of degree 3. By direct computation we can deduce that 
J(l, -1) = U(ViT^)Qu. where Q = d^^ + Ad-2d-i + 2rf_3. We deduce 
that 

^n{Q) ={P-a-n- 3)(/3 -a-n- 2)(/3 - a - n - I) 

+ 4(2/3 - a- n-3)(/3-a-n-l) + 2(3/3 - a - n - 3) 
= (/3-a - n){n^ + 2(1 - /3 + a)n + 2a - 2Pa + - 3 + + 2/3). 

Here, we just consider the case that all roots of the equation (pn{Q) = 
for n are integers. It is not hard to see that we have two cases: 

(1) . a = 0, /3 = 1 - rii = -k^ + 2k, ria = -k^ + 1 and = 

- 2k for keN] 

(2) . a = |, /3 = 1 - (/ + i)2, m = + 1, n2 = -P - I and 

ns = -/2 - 3/ - 2 for / G Z+. 

In case a = and /3 = 0, the module V{1, — l)®V^'^o different proper 

submodules W^q o^'' and Wq^q where Wq^q is simple. We know that the 

quotients W^o/V^o,o and {V{1, -1) » I^'q) /Wo^/^are highest weight 
modules. In the remaining cases, V{1, —1) (8) V^^ has three different 

proper submodules wj^^^ where 2 = 1,2, 3. 

Example 12. Now we give some examples such that the unique max- 
imal submodule J(c, h) of the Verma module M(c, h) cannot be gener- 
ated by one singular vector. 

(I) . Let (c, h) = (0, 0). We have J(0, 0) = t/(Vir_)Qin+f/(Vir„)g2^^, 
where Qi = d-i and Q2 = d-2. Then ipniQi) = {13 — a — n — 1) and 
^n{Q2) = {2/3 - a - n - 2). From ipn{Qi) = Vn{Q2) = we deduce 
a = 0, (3 = 1. From the assumption that /3 7^ 1, we do not have any 
solutions for n with (pn{Qi) = '^n{Q2) = 0. Then ^(0,0) ® V^^^ is 
always simple. Indeed, we have 1^(0, 0) ® V^^^ = V^^^. 

(II) . Let {c,h) = (—^,0). In this case we take p = 2,q = —5 
and m = 3. Then from jFF] we see that J(c, h) is generated by two 
singular vectors of degree 1 and 4 respectively. It is not hard to verify 
that J{c,h) = U{'ViT^)Qiu + f/(Vir_)(52^, where Qi = d_i and Q2 = 
3d'^2 + 5(i_4. Then we can get 

^n{Qi) = (3 -a-n-1 
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and 

= 3(2/3 -a-n- A){2(3 - a - n - 2) + 5(4/3 -a-n-A). 

Plugging n = /3 — a — 1 in the second equation, we have 

= 3(/3 - 3)(/3 - 1) + 5(3/3 - 3) = 3(/3 - l)(/3 + 2). 

Since /3 7^ 1, then V^(-y,0) (g) F^^^ is simple if and only if (a, /3) 7^ 
(0,-2). Moreover, V^(— ^,0) (g> V"q_2 has a unique simple submodule 
W(jl2^ and (K(-f ,0) ® ■l/o'„2) /W^o~? is a highest weight module of 
highest weight (— —3) which is an irreducible Verma module. 

(III). Let (c, h) = (i, — i). In this case we take p = 3,q = —4 and 
m = 5. From jFF] we see that J(c, /i) is generated by two singular vec- 
tors of degree 2, 3. It is not hard to verify that J(c, h) = U (Vir_)(5iM + 
?7(Vir_)(52M, where Qi = 3c/^i + Ad_2, Q2 = 4:di^ + 12c/„2'^-i + 3(i_3, 
and Qiu is a singular vector while Q2U is obtained by subtracting some 
element in f/(Vir„)QiM from the other singular vector. Then 

^niQi) = 3(/3 - a - n - 2)(/3 - a - n - 1) + 4(2/3 - a - n - 2), 
V>n{Q2) =4:{P -a-n- 3)(/3 -a-n - 2)(/3 - a - n - 1) 

+12(2/3 - a- n-3)(/3-a-n-l) + 3(3/3 - a - n - 3). 
Setting x = n + a — (3 + 2, the above equations become 

fix) = ipniQi) = - 1) - 4(x - /3) 
9{x) = ^n{Q2) = -4x(x-l)(a; + l) + 12(a;-/3 + l)(x-l)-3(x-2/3 + l). 
Now we get g{x) = q{x)f{x) + r(x), where 

q{x) = — X H — and r(x) = — (12/3 — 13)x — 15 H /3. 

3 9 9 9 

It is easy to see that 12/3 — 13 7^ 0. Then 

fix) = ( - + i^M^V(x) 

^ 5(12/3-13) ^5(12/3 -13)2 j"^^^^ 

18(16/3 -15)(/3-l)(2/3-l) 
(12/3 - 13)2 

Thus to obtain that (pniQi) = V^n(<52) = 0, we must have /3 = a = | 
and n = 0, or /3 = y|, a = ^ and n = 0. We have V{^, — |) ® V^^^^ 
is simple if and only if (a, /3) 7^ (|, |) or (^, jf). Moreover, ^(|, — |) ® 

Vi 1 has a unique simple submodule and (v{^,—^)®Vii) /wf'\ 

2'2 2'2 V 2'2/2'2 

is a highest weight module of highest weight (|, 0); V^(|, — 5)®^% 15 has 

16 '16 

a unique simple submodule and (v{^, — |) ® V% 15 ) /W^ 15 is 

16 '16 V 16 '16/ 16 '16 

a highest weight module of highest weight (|, — i^)- 
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(IV) . Let {c,h) = (|,0). In this case we take p = 3,q = —4 and 
m = 1. From |FFj we see that J{c,h) is generated by two singular 
vectors of degree 1 and 6. It is not hard to verify that J(c, h) = 
t/(Vir_)QiM + U(yiT_)Q2U, where Qi = Q2 = 64^3^ - QSci^g + 
264c?_4C?_2 — 108(i_6 and Qiu is a singular vector in M(i, 0) and Q2U is 
obtained by subtracting some element in U{ViT-)Qiu from the other 
singular vector. Then we can get 

^n{Qi) = f3-a-n-l, 
<^n(Q2) =64(2/3 -a-n- 6)(2/3 -a-n- 4)(2/3 - a - n - 2) 
- 93(3/3 -a-n- 6){3/3 - a - n - 3) 
+ 264(4/3 - a - n - 6){2P - a - n - 2) 
-108(6/3- a-n -6). 
Substituting n = (5 — a — lin the second equation, we have 

</.„(g2) = 2(16/3 -15)(/3-l)(2/3-l). 

So letting (pn{Qi) = '^niQi) = 0, we have {3 = a = \ and n = — 1 or 
= a = yI and n = —1. 

We have V{^,0) (8> V"^^^ is simple if and only if (q;,/3) 7^ (^^l) or 
(y|,y|). Moreover, V{j,0) ® V^i 1 has a unique simple submodule 

W[~P and (V{^, 0) ® Vi 1 ) /Wi"/'' is a highest weight module of high- 

2'2 V 2'2/ 2'2 

est weight (^,— ^(^,0) (8) V^g 15 has a unique simple submodule 

16 '16 

wL"i and ( V^(i, 0) ® n 1, ) /I^L" 1^ is a highest weight module of 

16 '16 V 16 '16/ 16 '16 

highest weight 

(V) . Let {c,h) = In this case we take p = 3,q = —4 
and m = 2. From jFF] we see that J(c, h) is generated by two sin- 
gular vectors of degree 2, 4. It is not hard to verify that J(c, h) = 
t/(Vir_)giM+f/(Vir„)Q2M, where Qi = 4:dl^+3d_2 and Q2 = 144^1^ + 
600(i_2(i2 1 + 264d_3d_i + 49^^ ^ + 36rf_4. Then we can get 

ip^{Qi) =A{l3-a-n- 2)(/3 - a - n - I) + 3(2/3 - a - n - 2) 

=144(/3 - a- n-4)(/3-a-n-3)(/3-a-n-2)(/3-a-n-l) 
+ 600(2/3 -a-n - 4)(/3 -a-n - 2)(/3 - a - n - 1) 
+ 264(3/3 -a-n - 4)(/3 - a - n - 1) 
+ 49(2/3 - a - n - 4)(2/3 - a - n - 2) 
+ 36(4/3 -a-n -4). 
By straightforward computations we deduce that 

= ^niQi)q{n) - 20(a + n)(16/3 - 15) 
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for some polynomial q{n) and 

<^n(<5i) = (4a - 8/3 + 9 + 4n){a + n) + 2(2/3 - - 1). 

Letting ipniQi) = ^niQi) = 0, we get that a = or /3 = ^f- If 
a = 0, we deduce that /? = | and n = 0. If /3 = ^f, we can deduce that 
a = and n = 0, or a = ^ and n = —1. We have V{^, —jq) ® V"^^^ 
is simple if and only if (a, /3) 7^ (0, |), §) or §). 



Moreover, — ® V^'i has a unique simple submodule W^^} 

and ^^(^5 — ® ^'ij /^Q^i is a highest weight module of highest 
weight (^,— -jr); ^(?5~i7;)® 15 i^^s a unique simple submodule 

16 '16 

Wj_ 15 and ( V{^, —jtt) ® V'l 15 ) /Wj_ 15 is a highest weight module of 

16 '16 \ ^ lO 16 '16/ 16 '16 

highest weight 0); V{^, — -j7^)<S)V% 15 has a unique simple submodule 

16 '16 

W_9_ 15 and ( V{^, "j?^) ® 15 ) /W^a m is a highest weight module of 

16 ' 16 \ ^ 1^ 16 ' 16 / ' 

highest weight (i, — |). 

Remark 13. Comparing the case (III, IV, V) in the above example, we 
see that using the tensor product V{^, — |) ® ^ we can and only can 
get the highest weight modules with highest weight (|, 0) and 
using the tensor product V{^,0) ® V^^^ we can and only can get the 
highest weight modules with highest weight (|, — |) and (|, — 1^), and 
using the tensor product —jq) Va,i3 only can get the 

highest weight modules with highest weight (|, — |), (|, 0) and (|, — jq). 

It is well known that in the physics literature that the conformal 
field theory associated to V{l/2, 0) has three simple modules V{l/2, 0), 
y(l/2, — 1/2) and V(l/2, — 1/16) and the fusion rules among these 
modules are given by 

V^(l/2,-l/2) X 1/(1/2,-1/2) = 1/(-l/2,0), 

V{l/2, -1/2) X V{l/2, -1/16) = V{l/2, -1/16), 

1/(1/2, -1/16) X V{l/2, -1/16) = Vil/2, -1/2) + ^(1/2, 0), 

and 1/(1/2, 0) is the identity in the fusion rule relations. (See |DMZ] ). 
From (III, IV, V) of Example 12, there seems to be some mysterious 
relations among these three modules. 

Example 14. For any coprime p, g G {2, 3, 4, . . .}, set 

. ^ {p- q? 

Cp^q = 1 - 6 . 

pq 

From Theorem A in |X] we know that the maximal submodule J(c, 0) of 
the Verma module M(c, 0) is generated by d_iu if and only if c 7^ Cp^g. 
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In this example we assume that c 7^ Cp^q. Then the irreducible module 
V{c, 0) = M(c, 0) / J(c, 0) has a basis 

(T^i ■ ■ ■ (Ti^d^u, n2, n^, . . . ,ni E Z+. 

If /3 - a = A; G Z, by Theorem [U we know that W = V{c,0) (g) V^^^ has 
a smallest simple submodule W^^~^^ which is generated by -u^fj, i > k 
and W/W^^~^^ is a highest weight module of highest weight (c, /3 — 1). 

Claim 1. W/W^''~^^ is isomorphic to the Verma module M(c, (3 — 1). 

Proof. It is enough to show that x(u (g) t''~^) ^ W^''~^'' for all nonzero 
homogeneous element x G ?7(Vir_). Let's prove this by contradiction. 
Suppose x{ui^t''~^) E W^''~^^ for some x G f/(Vir_)_m where m G Z+. 

Since = and d^i{u ® t'^) = 0, then 
Now x{u ® t^'""*^) G 1^^'^"-'^) has the following form: 

^ ^ m 1 

x{u®t^-^)= ai^^,„^iSl^---d%d%{u®t ^-2"^ ) 

(«2,.-^)e/ 

where / C {Tjj^Y"^ is a finite subset. Notice that ( ^ Hi) — m — 1 G Z+ 
for all (/2, • • • , /s) G /, that is, ^ z/j > m + 1. 

m 

On the other hand, we have a;(u(8)t''~-^) G V^(c, 0)_j ® t''"'""^ Let 

s 

[I2, . . . , Is) be the index in I such that Yl is maximal, then we have 

1=2 
m 

(c^'i, ■ ■ ■ d%d%u) ® t''-"'-^ G \/(c, 0)_i ® t'=-'"-\ 

i=0 

i.e., "^ili < m which is a contradiction. □ 

1=2 

We like to conclude our paper by pointing out that we are not able 
to determine the conditions for the quotient module W^'^'^^W^"'^ in 
Remark 9 to be simple or to be a Verma module when it is not trivial. 
Our examples show that some of them are simple while some others 
are Verma modules. 
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